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Abstract 
This study investigates the cyclic plasticity of AZ31B extrusion under axial and shear loading conditions and presents 
a continuum-based cyclic plasticity model for the anisotropic behaviour of magnesium. An anisotropic form of the 
Armstrong-Frederick plasticity model is presented. It is shown that the model can independently produce hysteresis 
loops under pure axial and pure shear loading conditions. Two different parameters for loading and unloading were 
considered to address the asymmetric shape of the axial hysteresis loops. The model is evaluated by considering the 
cyclic stress-strain response of AZ31B extrusion in uniaxial and multiaxial loading cases. Stress amplitude, plastic 
energy and total energy densities are calculated using the proposed model and are compared with experimental results 
showing a good agreement. 
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1. Introduction 
 
The low density and high specific stiffness and strength have made magnesium alloys attractive to the 
automotive industry. Among these alloys, wrought magnesium alloys have superior mechanical properties 
compared to cast alloys. While magnesium has found applications to automotive components, their 
application has mostly been limited to casings, housings, and trimming components. A more critical use 
of magnesium in automotive load bearing components requires a good understanding of magnesium’s 
cyclic response; and development of suitable methods to model such response.  
Multi-surface plasticity [1,2] and nonlinear kinematic hardening models [3,4]  are two major groups of 
continuum-based plasticity models capable of modeling the cyclic behaviour of initially isotropic metals 
in a variety of loading conditions. Attempts have been made to extend the application of these models to 
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anisotropic materials. The literature pertaining this extension can be categorized into two major 
approaches: the adaptation of an anisotropic yield surface [5, 6]; and the adaptation of an anisotropic 
hardening rule [7, 8]. In the first category, anisotropic properties such as yield asymmetry and direction 
dependent behaviour are modeled by selecting a proper yield function.  Li et al. [9] proposed an off center 
von Mises yield surface, and Lee et al [10] proposed an anisotropic two-surface yield to account for 
asymmetry yielding of the Magnesium. These models successfully predicted the behaviour of magnesium 
under uniaxial loading condition. However, the selection of a suitable yield criterion is challenging for 
materials with initial anisotropic behaviour [5, 6, 9, and 10].  
In this study, the second approach in modeling the anisotropic behaviour is considered. An anisotropic 
form of the multi-term nonlinear kinematic hardening rule is proposed to address the strong anisotropic 
behaviour of extruded AZ31B magnesium. It is shown that this model can produce hysteresis loops in 
axial and shear modes. The asymmetric shape of the axial hysteresis loops is successfully simulated using 
two different parameters for loading and unloading conditions. The model is applied to different loading 
paths and is compared with experimental results. 
1. Experiment 
Tubular specimens were machined from an air-quenched AZ31B extrusion section that was 
manufactured by Timminco. The section was extruded from a 177.8 mm diameter billet that has a length 
of 406.4 mm. The extrusion temperature was between 360 and 382 °C.  The extrusion ratio and exit speed 
were 6 and 50.8 mm/s, respectively. 
Multiaxial tests were performed under multiaxial strain-controlled conditions. Two modes of loading 
were considered: axial and torsional. The normal and shear strains were then combined in three different 
ways of in-phase proportional, and 45° and 90° out-of-phase nonproportional loadings. Tests were 
conducted at the standard laboratory conditions using servo hydraulic fatigue machine. Axial and 
torsional strains were controlled using a biaxial extensometer with a frequency range between 0.1 to 0.25 
Hz. Tests were stopped either after complete separation or 50% load drop. The chemical composition and 
detailed experimental program for AZ31B extrusion can be found Albinmousa et al. [11, 12]. 
2. Plasticity Modeling 
A modified form of the multi-term Armstrong-Fredrick (A-F) hardening rule [3], capable of addressing 
the strong texture anisotropy of magnesium alloy, is proposed here. A major advantage of this class of 
hardening rule is its low sensitivity to the choice of the yield value [13], making the choice of the yield 
function easier.  As a first approximation, the von Mises yield surface has been employed in this model. 
An anisotropic formulation of the multi-term nonlinear kinematic hardening rule in the following form is 
proposed 
 
  (1) 
 
  (2) 
 
Where  is the increment of the backstress vector and n~  is the normal to the yield surface vector. The 
material constant tensors of the kth backstress term are and , which have a diagonal form. Note that 
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in the classical form of (1), the Ck and Jk are constants that are being replaced here by a group of constants 
representing the behaviour in different directions.  is the number of backstress terms and dp is the 
increment of equivalent plastic strain. Because the model is developed to simulate a stabilized hysteresis 
loop, it is desired that the shape and the size of the yield surface does not change with cycles. The 
translation of the yield surface and the consistency condition lead to the following relation for multiaxial 
plastic modulus: 
 
  (3) 
 
To model the half-life hysteresis loop in the axial direction, several cyclic characteristics of 
magnesium should be considered. A key characteristic is yield asymmetry in tension and compression. To 
model the asymmetric shape of the hysteresis loop, the material constants are assumed to depend on the 
sign of the axial backstress, i.e., are different in loading and unloading, such that 
 
  (4) 
where  is a function defined as   ; and axx   is the axial component of the backstress 
vector. CL and JL are the axial material constants in loading (i.e. axx>0) and CU and JU are the axial 
material constants in unloading (i.e. axx<0). In the special case of symmetric yielding and symmetric 
hysteresis, the two sets of material constants are equal.  
In general for an anisotropic form of the A-F model in which  and  are the material constants, it 
can be demonstrated that the backstress is bounded by a surface, RL, defined by the following equation: 
 
> @ > @ 0~][(~
3
2 12    aCaR TTTL JJ   (5) 
Figure 2 represents the different boundary surfaces in deviatoric axial-shear stress space for the following 
three cases:  Case (a): isotropic A-F,   Case (b): symmetric anisotropic A-F  and ,               
Case (c): asymmetric anisotropic A-F  and . By adjusting the hardening rule, different 
shapes of the bounding surfaces for the backstresses can be modeled (Fig. 2). In particular, fig 2c shows 
the boundary surface that is symmetric with respect to the plane normal to the pure shear direction (i.e. xy 
direction) representing a symmetric cyclic shear. However, under axial loading, the same model produces 
an asymmetric hysteresis loop shape.  
 
Fig. 2. Different shapes of boundary surfaces that can be simulated by proposed model. 
 
(a) (c) 
 
(b) 
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3. Numerical example and discussion 
To make sure that the value of yield stress does not affect the modeling, a yield stress of 40 MPa, 
which is less than the yield in tension and compression, was selected. The asymmetric shape of the 
hysteresis loop was addressed by the anisotropic hardening rule in Eq.4.The sign and value of the mean 
stress and stress amplitude depend on the material constants. The axial hysteresis loops, obtained from 
experiments, were used for calibrating the model in the axial direction, and the cyclic shear stress-strain 
curve was used for calibrating the model in pure shear loading. To achieve a close approximation of the 
hysteresis behaviour, thirteen terms were selected in the proposed model. The material constants used in 
this investigation are listed in Table 1.  
Table 1 Nonlinear material constant. 
 
To examine the merits of the proposed model, cyclic tension-compression, cyclic shear and biaxial 
tension-torsion loading at different strain amplitudes were considered. Figure 3a shows the axial 
hysteresis loops predicted by the model and compares them with experimental results. Similarly, the 
prediction for cyclic shear hysteresis loops at different shear strain amplitudes is shown in Fig. 3-b and is 
compared with experimental results.  
 
 
 
 
 
 
 
 
 
 
 
a. Axial hysteresis loops, .            b. Shear hysteresis loops, . 
Fig. 3. Axial and shear hysteresis loops at different strain amplitudes 
 
It is seen that the proposed model is capable of predicting asymmetric behaviour in cyclic tension-
compression loading. On the other hand, the predicted hysteresis loops for cyclic shear loading are 
symmetric. This agrees with the experimental results shown in Figs. 3a and 3b. In addition, it is seen from 
Fig. 3a that the model is capable of predicting the mean stress resulting from the asymmetric behaviour in 
cyclic tension-compression loading. The mean stress values increase with the strain amplitude, which is 
in agreement with experimental observations. 
Parameter Constant 
Shear (xy) 
 = 29232,  6450, 2359, 1278, 815, 571, 425, 330, 265, 218, 182, 155, 134 MPa 
 = 761,276, 168,121,95,78, 66, 57, 51, 45, 41,37,34 
Axial (Loading) 
 = 562500, 130000,70000,20000,15000,1E-5, 1E-5, 1E-5, 1E-5, 1E-5, 1E-5, 1E-5, 1E-5 MPa 
 =15000,2000,350,3000,2000,1,1,1,1,1,1,1,1 
Axial (Unloading) 
 = 687500,60000,40000,30000,20000, 1E-5, 1E-5, 1E-5, 1E-5, 1E-5, 1E-5, 1E-5, 1E-5 MPa 
 = 15000,400,1000,3000,2000, 1,1,1,1,1,1,1,1 
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Figure 4 shows the cyclic behaviour of AZ31B extrusion under biaxial cyclic tension-torsion. It can be 
seen from these figures that although the shear hysteresis loops under pure shear loading are symmetric, 
they become non-symmetric under biaxial loading due to the application of axial loading. 
 
 
 
 
 
 
 
 
 
Fig. 4. Hysteresis loops under different strain amplitudes in multiaxial loading, ,  and . 
 
A successful cyclic plasticity model should be able to calculate parameters required for fatigue design 
analysis. These parameters include stress amplitude. Mean stress and cyclic energy densities. These 
parameters are calculated using the proposed model for different cyclic loading modes and are compared 
with experimental results in Fig. 5. It is seen from this figure that the predicted parameters are in good 
agreement with those obtained from the experiments. 
 
 
 
Fig.5. Comparison of stress amplitude, mean stress, cyclic plastic and total energy densities as predicted by the proposed model and 
the experimental results [11] and [12]). 
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4. Conclusions 
In this paper, a cyclic plasticity model based on a modified Armstrong-Fredrick nonlinear model is 
proposed. This model involves two sets of material constants for cyclic tension-compression and cyclic 
shear loading. The material constants are determined from the half-life axial and shear hysteresis loops. It 
was shown that the model was able to appropriately produce different hysteresis loops under axial, shear 
and biaxial loading conditions. In addition, it was shown that the proposed model is capable of predicting 
yield asymmetry and mean stress in cyclic tension-compression loading; and symmetric hysteresis in 
cyclic shear loading. The model’s predictions were found to be in a good agreement with experimental 
observations. Moreover, proportional cyclic tension-torsion loading was successfully modelled.  
The current model is limited to low strain amplitudes. At higher strain amplitudes, over 1%, the model 
is not capable of simulating the sigmoidal shape of the hysteresis loop resulting from the application of 
high strain amplitudes. Also, further development is required to enable the model to simulate multiaxial 
non-proportional loading.  
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